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SUMMARY

This paper is devoted to the description and the detailed numerical analysis of a new spectral collocation
method for the Stokes problem in a square, involving three staggered grids.
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1. STAGGERED GRIDS: AN INTRODUCTION

We are interested in the approximation of the following Stokes equations over the square
Q=A? with A=]-1,1[: Find a velocity u=(u,v) and a pressure p such that

—vAu+0dp/ox=f in Q, (1a)
—vAv+0p/dy=g in Q, (1b)
divu=0 in Q, 2

where the body forces f=(f,g) are given and v is a positive real number. This system is
provided with homogeneous Dirichlet boundary conditions

u=0 on Q. 3

Let N>=1 be a fixed integer. We want to use a collocation spectral method, hence we
search for approximations ny and py of u and p such that each component of uy and py
belong to the space P,(Q) of all polynomials of degree <n with respect to each variable,
where n is ciose to N. The discrete solution will be chosen in order to satisfy the Stokes
equations at some points in Q called collocation points. As pointed out by Orszag! and
Gottlieb,? these points are related to the Gauss-type quadrature formulae associated with
the Legendre orthogonal polynomials (we refer to Davis and Rabinowitz® for details about
numerical integration). A general presentation of spectral methods can be found in Gottlieb
and Orszag* or Canuto et al.®
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This paper is motivated by the difficulty encountered in most numerical schemes due to
the presence of spurious modes for the pressure; these modes pollute the solution and
sometimes lead to incoherent results. The difficulty is connected with the well-known problem
of finding a compatible choice of discrete spaces for the velocity and the pressure. In Bernardi
et al®=® we have explained the theoretical properties that these spaces must satisfy. They
have been initially pointed out by Brezzi® as the inf-sup condition.

In a first method, introduced by Morchoisne!® and generalized by Métivet,!* a collocation
grid Zy is defined by the tensor product of the nodes of a Gauss—Lobatto integration rule
using N + 1 points; the discrete velocity uy and the discrete pressure py are respectively
chosen in Py(Q)? "HE(Q)? and Py(Q) so as to satisfy equations (1) at each point of EynQ
and equation (2) at each point of . In this method the equations are not mutually independent
and the pressure is not uniquely determined by the equations; indeed the solution consists
of an affine subspace of dimension eight in P(Q). However, it has been proved”-® and tested
in numerical experiments'®!! that such a scheme (after elimination of the spurious modes and
the redundant equations) provides a good approximation of the velocity while a post-treatment
is necessary to obtain a good discrete pressure. Nevertheless, the numerical difficulties
encountered justify the research of a method where no spurious mode comes to pollute
the solution.

o Setzy

Figure 1. Using a unique collocation grid

When the problem of spurious modes arises in a finite difference context, a well-known
tool to solve it consists of the introduction of staggered grids, ie., different grids on which
the various equations (1) and (2) are satisfied. This suggests the idea of a similar strategy for
spectral methods. A first attempt in this direction can be found in Zang and Hussaini*? and
analysed for the approximation of the Navier—Stokes equations with periodic boundary
conditions in every direction but one.® Another attempt due to Montigny-Rannou and
Morchoisne,'® in the more interesting case of non-periodic boundary conditions, has
drastically reduced the number of spurious modes. In this method two grids are considered,
one for the velocity and another for the pressure. More precisely, the grid =y is the same as
in the previous method (see Figure 1) and a new grid E} is defined by the tensor product
of the nodes of a Gauss integration rule using N points. From the properties of the Gauss
and Gauss—Lobatto points, these two grids are staggered. The numerical velocity and pressure
are then searched in Py(Q)2~HL(Q)? and P, _,(Q) respectively in order to satisfy equations (1)
at each point of EynQ and equation (2) at each point of . Unfortunately the algorithm
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Figure 2. Using two collocation grids

does not solve the main difficulty since, besides the constant mode, there exists one further
spurious mode, namely the function Ly(x)Ly(y), where Ly is the polynomial of degree N in
the family of Legendre polynomials. A priori it may seem easy to filter this unique mode, but
we must point out that, in the three-dimensional case of a cubic domain, the number of spurious
modes is equal to 3N-4 in this last method.

The aim of this work is to propose and analyse a new collocation method where no spurious
mode is present. The discrete pressure is again sought in Py_, (Q), while we must choose a less
natural space of discrete velocities. Equation (2) is again satisfied on the nodes of the same grid
=)y as in Figure 2, but two different grids are introduced for equations (1a) and (1b) respectively;
each one is staggered with respect to Ey in a different direction. The relative position of these
three grids is the spectral analogue of a situation which is well known in a finite difference
context.!* Moreover, this algorithm actually presents numerical properties which will appear
later on and which compensate the complexity of using three grids.

In Section 2 we shall give a description of the method and indicate a suitable variational
formulation of it. In Sections 3 and 4 we shall prove some properties of the associated discrete
Laplace operator and discrete pressure gradient respectively. These results will be used in Section
5 to derive error estimates for the velocity and the pressure.

2. DESCRIPTION OF THE ALGORITHM

In the sequel we denote by (L,),.n the family of Legendre orthogonal polynomials on the
interval A=1-—1,1[, where L, is the polynomial of degree n normalized by the condition
L,(+1)=(+1" We recall that P,(A), neN, is the space of polynomials of degree <n
restricted to the interval A. Let us introduce the set {(i,...,{y} of the nodes of the Gauss
integration formula with N points over A, with {, < -~ <{; it is well known (Section 2.7 of
Reference 3) that these points are the N zeros of Ly. Let us also introduce the set {&,..., ¢y}
of the nodes of the Gauss-Lobatto integration formula with N +1 points over A, with
—1=¢,< ¢, < <Ey=1; these points are the N+ 1 zeros of (1—{?)Ly. It is an easy
matter to note that, for any i, 1 <i<N, we have &,_, <{;<¢§. We recall (Section 2.7 of
Reference 3 and Section 3.2 of Reference 15) that there exist 2N + 1 positive real numbers
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(@q,..., WN, Po»---» Py) SUch that

VoeP,y_1(A), J p()dl= Zl o)w;, 4
N
V(PepzN—1(/_\)a J p)dl = 'Z‘o o(C)pi &)
_ N
VoePy(A), JA(P(C)LN(C) d{=(N/@2N + 1));0 @(E)Lx(E)p;- 6

The tensor products of these two sets of points give us different grids over Q that will be

used for the definition of the collocation approximation of problem (1), (2). Let us consider
the grids

EN,x:{(513(1)70<i<N’1<j<N}’ (73.)
E‘N,y={(Ciaéj)’1giSN)OSjgN}ﬁ (7b)

Due to the relative position of the Gauss and Gauss—Lobatto points, Ey , is staggered with
respect to Ey in the x-direction and =y , is staggered with respect to Zjy in the y-direction.
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Figure 3. The three collocation grids (for N =7)

The use of different grids implies that the spaces of discretization for the components of the
velocity and the pressure will not coincide. For any non-negative integer n we set
P,(Q) =P, (A)®P,(A). We first introduce the discrete space Xy = Xy, x Xy, defined by

Xy = [Py(A) @ Py, ,(AINHQ), (9a)
Xy, = [Py+1 (A @ Py(A)TAHQ). (9b)

In order to obtain a unique solution for the pressure, we take the constant mode off the space
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of discrete pressures; so we define

My = {qEPN—l(ﬁ);J‘

Q

g(x)dx =O}. (10)

Our discrete problem is: Find a discrete solution uy = (uy,vy) in Xy, x Xy, and a discrete
pressure py in My such that

Vxely ,nQ, [—vAuy+ dpy/0x](x) = f(x), (11a)
VxeEy ,nQ, [—vAvy+ dpy/0y1(x) = g(x), (11b)
VxeBYy, (divu)(x)=0. (12)

Remark 1

Of course it is an easy matter to define the same algorithm by using the Chebyshev
approximation instead of the Legendre one: indeed, it suffices to replace the {; by the zeros of
Ty and the ¢; by the zeros of (1 — {2) Ty, where Ty({) = cos(N cos ™! {) denotes the Chebyshev
polynomial of degree N. From a numerical point of view*'11+13 this last choice has to be preferred,
since it is possible in this case to use a fast Fourier transform algorithm to decrease the
computation time. But the analysis is then much more difficult to perform, since the Chebyshev
polynomials are orthogonal with respect to the weighted measure (1 — {2)~/2d{ and the gradient
and divergence operators are no more adjoint to each other for this measure. However, it is
now under consideration, and we think that it can be achieved thanks to the techniques developed
for a single-grid algorithm.® The theoretical results are foreseen to be the same as in the
Legendre case.

Remark 2

It is straightforward to extend the algorithm to the three-dimensional case by using four
staggered grids. To approximate the Stokes problem in the cubic domain 1— 1, 1[3, we define
the grids

(11

v = 16 {5 G, OSESN, T <ok SN,

vy =1 € G 0SSN, 1L kS NG,

ve = {0 & 0<k SN, I<Lj< N},

By = {0500, 1<k < N}.

Next, we seek a discrete velocity uy in Xy =Xy . x Xy, x Xy, with
Xy = [PyA)® Py (M) Py (A INHG(AY),
Xy = [Prr i (M@ PA)Q Py, ;(A)TNH(AY),
Xy = [Pys (N ® Py (A)®Py(A)INHG(AY),

and a discrete pressure py in My = {gePy_,(A%); § x5 9(x)dx = 0} such that the four equations are
satisfied at the nodes of Zy ,NQ, Ey N Q, Ey N Q and Ey respectively. It is lengthy to write
but not more difficult to implement than in the two-dimensional case. Moreover, the numerical
analysis turns out to be the same one and leads to similar results.

[1]

[
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Remark 3

As we shall see in Section 4, this algorithm has no spurious modes; we want to point out
another reason why we think that this discretization is better than other ones. We can say that
the grids are staggered in the ‘good’ directions. Indeed, let us consider the partial derivatives
which appear in equation (11a): with the notation of Figure 3, the computation of Au at a point
a, by a pseudospectral method involves the values of u at any node of the straight line D, (resp.
P,) in order to calculate 8%u/0x? (resp. 0°u/dy?); in the same way, to evaluate the value of
Op/x at a,, we need only to know the values of p at any node of the straight line D,. Using
the same kind of argument for equations (11b) and (12), we check that the verification of our
discrete problem only requires a one-dimensional derivation process of interpolation, in contrast
to other algorithms.*?

Remark 4

Using the notion of Lagrange interpolants will provide us with suitable bases for the various
discrete spaces. More precisely, let us define the polynomiais ¢;, 1 <i< N, in Py_,(A) by

Vi,Vj,1<ij<N, qi(Cj)=5ij9 (13)
and the polynomials 7;, 0 <i < N, in Py(A) by
VIaV]>0<l’J<N’ ri(éj)zaij’ (14)

where §;; stands for the Kronecker symbol. It is now an easy matter to check that the set
{ 56y =r(x)(1 — yz)‘Ij(Y)}1<isN—1,1<jsN
is a basis of Xy ,, that similarly the set
{Q¥j(X, y=(010- xz)CIi(x)rj(J’)}lsisN,1<j<N-1
is a basis of Xy , and finally that the set
{Q:‘j(xa y= qi(x)qj(y)}léi,jsN
is a basis of Py_,(Q).
In order to analyse the discrete problem, we need a variational formulation of it. First, let us

recall some basic results concerning the continuous problem. We define the two spaces where
the solution (u, p) has to be searched. For the velocity we set

X =[H} (@))% (15)
while for the pressure we choose
M=L§(Q)={qeL2(Q); Jﬂq(x)dx:O}. (16)
We then define the two bilinear forms
Yu=(u,v)eX,Yw={(w,z)eX, alu,w)=v J;} Vu(x)Vw(x)dx, (17)
Vu=(u,v)eX,VgeM, b(u,q)= — Lz (divu)(x)g(x)dx. (18)

It is standard to check that, whenever the body forces f are in the dual space H™*(Q)? of X,
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problem (1)—(3) has the following equivalent variational formulation: Find u = (u,v) in X and p
in M such that
VweX, a(u,w)+b(w,p)=(f,w),
VYgeM, b(u,q)=0,

where (-,*) denotes the scalar product in L2 (Q)? as well as the duality pairing between H™1(Q)?
and Hi(Q)%
The formulation of the discrete problem leads us to introduce the two bilinear forms ay,

Yu = (u, 0)eGHQ)%, Yw = (w, 2)e%° (Q)?,

(19)

aN(u w =V z Z Au(‘fl’c W(él’c )pl (20)

Yy
—v Y Y Av(C, &)z Ewip;,

i=1j=0

-

and by,

Yu = (4, 1)e¥°(Q)%, Vg€ (Q),

by(u, q) = Z Z (S, {)(09/0%)(&:, ) P30 1)

i=0j=1
N N
+ .Zl 'Zo v(&:, E)(0q/0y)(Ls, E5)wip;-
i=1j=
Using (4) and (5), we obtain the important property
Yu = (u,v)eX,VgeM,
N
by(u,q) = 21 u(x, {;)(0g/0x)(x, {;)w;dx (22)

AJj=

+ L Z v(Ci, YX09/09)(L;, y) ; dy,

i=1

so that

N N
VueX,VgeM, bywg)= ~ 3. 3 (@ive)(Co (e {)mio; 23)
Finally, we define a discrete scalar product (-,-)y by
Vi =(f,9)e ()%, Yw = (w, 2)e%° (Y%,
f,w)y = Z ;1f(£i’Cj)w(§iaCj)piwj (24)

i=0

+ Y Y 9l &)z Eanp;.

i=1j=0

We are in a position to prove:

Proposition 1

For any f in €°(Q)?, the discrete problem (11), (12) is equivalent to the following variational
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one: Find uy = (uy,vy) in Xy, x Xy, and py in My such that
VwyeXy, ay(By,Wy)+ by(Wy, py) = (f, wy)y,

(25)
VgveMy, by(uy,qy)=0.

Proof. Tt is an easy matter to check that the discrete problem (11), (12) is equivalent to: Find
uy = (uy,vy) in Xy, x Xy, and py in My such that
VX€EyN N, [(—vAuy+dpy/0x)Q51(x) =(fQ5)(x), 1<iSN-LI<j<N,
VxeBy ,NQ, [(—vAvy+ 0py/0y)051(x)=(gQ)(x), 1<i<KN,ISj<N-—-1,
vYxeZy, [(dive)Q;;]1(x)=0, 1<ij<N,

where the polynomials QF, Q}; and Q;; have been defined in Remark 4. Hence definitions

(20), (21), (24) and property (23) lead to the equivalence between problem (11), (12) and the
following: Find uy = (uy, vy) in Xy . x Xy , and py in My such that

YwyeXy, ay(uy, Wy) +by(wy, py) = (I, wy)y,
VanePy -, (Q)» by(uy,qy)=0.

Since we have My® R = Py_,(Q), the equivalence between this last problem and (25) is a
consequence of the following simple equality (recall (4) and (23)).

(26)

VWNEXN, bN(WN, 1) = — \[ diVWNdx = 0.
Q

As a matter of fact, if we compare the numbers of unknowns and equations in problem (11),
(12), it appears that (12) is over-specified and that numerically we have to impose this
divergence-free condition at only any N? — 1 points among the N? of Ej. The corresponding
equation we have not checked is then automatically verified since, due to the ever-present
property

N N

Z (divuy)((;, (w0, = J divuydx =0,
1 Q

i=1j=

there exists one (and only one, as will be proved later) linear dependency condition between the
values of divuy on the set Ej.

3. PROPERTIES OF THE DISCRETE LAPLACE OPERATOR

In this section we study the properties of the bilinear form a,, defined in (20). This form is related
to the discretization of a vectorial Laplace operator involving two staggered grids.
First, we need some properties of the quadrature formulae.

Lemma 1

For any ¢ in Py_,(A), the following inequalities hold:

N
JA (1= dl < -21 A=) w; <2 J (1 =)0 dC. 27)
i A
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Proof. Let us write ¢ in the basis (L,); ¢, <n:
0O= ¥ 0Lil0.
Thanks to the formula (Section 1.13 of Reference 3)

(d/d)((1 — )L,y + n(n + 1)L, =0 (28)
and using [ L,]|3 » = 1/(n + 1/2), we know that

f (1-0)QPd = 3 pdnlne+ Dt 172 29)
On the other hand, due to (4), we also have
S 0-thelfo,= 3 gl + Do +12+03 ¥ (- (LGP0 (0
To study this last term, we recall the formulae (Section 1.13 of Reference 3)
jLn(C) dl=(1/2n+ 1)) (Lyps 1 — L,-,), (31)
(n+ D)Ly, =@n+ 1)L, —nL,_,. (32)

From (28) we see that (1 — {*)Ly(() is the primitive function of — N(N + 1)Ly which vanishes
for {= +1, hence is equal to —[N(N + 1)/2N + 1)J(Ly+, — Ly—;) by (31). Since the {;,
1 € i< N, are the zeros of Ly, using (32), we compute

(1 ={HLy()=—IN(N + /2N + DI[— (NN + D)Ly -1 () — Ly 1({)] = NLy -1 (),
which gives

i

J_v (1= LYo =N _i Ly (G Ly =N L Ly-1(QLMO T

=N([Ly-(Ly1%, - L Ly-1(QLy(0)dl) =2N.

From this last formula, together with (29) and (30), we deduce the lemma.

Lemma 2
For any ¢ in Py_,(A), the following inequalities hold:
N
CN_lf (1=Pe@Pdl< 3 (1 _C?)2¢(Ci)2wi<c,‘[ (1= @) dL. (33)
A i=1 A

Proof. Let us now write ¢ in the basis (L, )ycncn+1:
N+1
o)=Y, BLi0).
Derivating the formula (28), we obtain

(@/dO((1 — £ L) = (@/dO2LL, — n(n + D L,) = 2{L; — (n — D(n + 2) L,
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whence

(d/dO((1 — P Ly) = (1 = PY2LLy — (n— D(n + 2)Ly) — 20(1 = ) L7,
so that using (28) once more gives

@*d)((t =P L) = —Dn@m+ )(r + 2L, (34)
This formula yields

J (1= oe0)?dl = iz Gin—Dnn+ Dn+2)/(n+1/2). (33%)
A n=
On the other hand, due to (4), we also have

(1 — el o

Ile

i

2 2(n— Dn(n + )+ D+ 1/2) + i — PLYC o, (36)

N
+ _Zl (=3 Lo -1 Ly- 1 () + Pnv i Ly 1 ()]0
We must compute the two last terms.
(1) Since the {,, 1 <i< N, are the zeros of Ly, using successively (28), (32) and {31), we have
(1= CHL(EC) =20, Ly(C) = 2(CLy) (6) = (2/2N + D)((N + DLy, + NLy_;)()

=2Ly_, (),
so that

i

N
Z (=LA o= 4ZLN 1) oy = 4j Ly (0 dC

=4([LN—1L;V—1]1—1 - J. LN~1(C)L;(1—1(C)dC)

=4(Ly (DLy_ (D= Ly_ (= 1)Ly (= D)
using (28) finally gives

N
_; (1 =P Ly () o, =4(N — )N. 37
(2) Since the {;, 1 <i< N, are the zeros of Ly, by (28), (31) and (32), we have
(1 =P Ly 4148 = 20 Ly 1 (L) — (N + D(N + )Ly 1)
=2LLy -1 (0 + N(N +2)Ly 1 ({))

=(1 =Ly (C)+ NQN + 1)Ly (&),
so that

Mz

(1 =2 [@y-y Liy- 18+ dyey Ly 1 ()P o,

1t

i=1

N

I_Z [(@n-1+ Py )T = L)L () + NN + D@y sy Ly ()Y

f L@y—i + Pya ) =)Ly () + NN + D@y Ly (D12 dL.
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Using (28), (32) and (33), we compute

JA (1= LiOLQdl = JA (2L, (&) —n(n+ DL, () L,(0) d¢

=(2/2n+1)) J Ly + DLy 1(O) + nLy, ()AL~ n(n + D)/{n + 1/2)
A
=4n/2n+ 1) —n(n + 1)/ +1/2) = — n(n — 1)f(n + 1/2).

Using also (34), we obtain

X (=GP LA 1)+ 6w L s G T
= @y-1 + s IOV = 2 — DN(N + 1N = 1/2)]
2@y + By Bus [N ~ DN = DNQN + /(N 1]
+ ey IN*QN + DN = 1)
= (NN = 1/2)[@- (N ~ 2N = DN + 1)~ 21y (N = DN = DN
+ @3, (N> + 12N? —-2N - 2)].

The inequality 2|@y_; || Py+1| < PF— 1 + @3- finally yields, on one hand,

N
i; (L= 00N 1 L= 1 (G) + By Livs 1 ()P 00
S Px-1((N=2)(N —1)NQ2N + 1)/N — 1/2))
+ R+ 1(NQ2N? +9N? —2)/(N — 1/2) (38)

and, on the other hand,

; (1= EPLPn- 1L - 1) + Frs 1 L+ 1 ()10 = G (N = 2)N — DN/N — 1/2))
+ @2 1(N(ISN? — 4N — 2)/(N — 1/2)). (39)

From (35)-(38) we derive the second inequality of the lemma. From (35)-(37) and (39), noting
that the coefficients of ¢Z_,, #% and $%,, are in O(N?) in the exact sum and in O(N?)
in the discrete sum, we obtain the first inequality.

Now we can state some properties of the discrete form ay.

Proposition 2
The form ay is uniformly continuous with respect to N, i.e.,
YueXy,VweXy, |ay(u,w)| <clul; oWl o (40)

Proof. Thanks to the definition (20) of ay, we must prove that, for any u and w in Xy,

i i (@*u/0x?)(&:, ) w(&s, () piw;| < c[|0u/0x| o, l1OW/0X 0,05 (41)

i=0j=1
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2 2ufoy?) (& {)W(EL L) pico,

an

<cllow/dylo.allow/oyllo.q- (42)

(1) First, due to formula (5), we have

; u/0x?) (&, Lw(Es (oo,

HMZ

Z (Ouf0x)(x, {;)(0w/0x)(x, {;)w;dx
A=l

3 12 N 12

Now, writing (0u/0x)(x,y) = (1 —y*)r(x,y) and (8w/dx)(x,y) = (1—
belong to Py(A)® Py_, (A), and applying Lemma 2 yields (41).
(2) Next we set

y¥)t(x,y), where r and ¢

z

ux,y)=(1-y* Z () Ln(y),  t,€Py(A),

w(x,y) = (1 —y?) ; wa(X)Lo(y), w,ePy(A)

and note that, due to (28),

(@*u/dy*)(x,y) = — Z u,(x)n(n + 1) Ly(y).
Thanks to (4) and (5), we have

N N
;2 ; *ufoy*)(&:, )w(En () piw;

<

N N—-1
i;) i( Z (YW (EN2 (n + 1) /(n + 1/2) + uy(E)wylE) Z (1 =)Ly ) o >

Using Lemma 1 gives

N N
) aZu/@yl)(:,-,z,-)w(z.-,g,.)p,.w,.’

; u, (&) w n(éi)nz(n+1)2/(n+1/2)’
N 12 (N N L
PR )2/(n+1/2)} {Z pi Y, wil&Vn n+1)2/(n+1/2)} 7
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We recall (Lemma 3.2 of Reference 15) that formulae (5) and (6) yield for any ¢ in Py(A)

j oIS Y p&Ppis? f Jae @)
Hence we obtain
N N
ZO ;1 azu/ayz)(€i9cj‘)w(£i,Cj)p,-a)j

1/2

N 1/2 N
< C{ Y Mugllg an?(n+ 1%/ (n + 1/2)} { 2 Nzall3 an?(n+ 1) /(n + 1/2)} ,
n=1 =1
which is equivalent to (42).
Proposition 3

The form ay satisfies the following condition of ellipticity:

YueXy, ay(u,u)>cN ™ tull,. (44)

Progf. Thanks to the definition (20) of ay, it suffices to prove that, for any u in X ,

N N

- izzo jzi (0%u/0x*)(&;, Culi, {)piw; =2 N~ Yiou/ox| 3,9, (45)
N N

- ';0 _Zl (azu/ayz)(éi,Cj)u(éi’Cj)piwj = cl|lou/dy|l§ o (46)

(1) Due to (5), we have

i=0j=1

- Z Z (@u/0x* )&, (Yu(Ci, £ piw; —J Z (@u/0x)(x, {;)* w;dx.

Writing (9u/0x)(x, y) = (1 — y*)r(x, y), where r belongs to Py _; (A)® Py _, (A), and using Lemma 2,
we obtain immediately (45).
(2) We set

N —
u(x’y)=(1 _y2) Zlun(x)l-‘;l(y)s unepN(A),
so that

N
(0%u/0y*)(x,y) = — ; u(X)n(n + D Ly(y).

Due to (4) and (5), we have

N
z u/@yz)(fi,Cj)u(fi,Cj)Pin

Jj=1

:;Mz

i

= ‘ZN:OPi( Z, U, (&Y n(n + 1) Z A-{HLEY )



550 C. BERNARDI AND Y. MADAY

Using Lemma 1, then (28) and (43) gives

= § S @uoy e Lun o,

i=0j=1

> 3 0P+ 10+ 1/2) 3, e,

2

WV
TIMZ i

lunll3 an*(n + 1)*/(n + 1/2) = |0u/8Y 1§ 0»

whence (46).

Remark 5

The constant ¢N ! in formula (44) is optimal. Indeed, we consider the polynomial u = (u,0),
where u is given by

u(x,y) = s(x)(1 — y*) Ly(y) 47)
and s is a polynomial of Py(A)"HJ(A) satisfying
¢; < lIslloa + N72[8'lloa < €2 (48)

(then we have ay(u,u) < c¢N® and |u|} o > ¢’N7. An example of polynomial which satisfies (48) is
s)=N"'1-{%) Z $.((2n + 1)/n(n + 1)L, ()
n=2
with s, equal to n? if nis < N/2 and equal to (N —n)? if nis > N/2).

4. PROPERTIES OF THE DISCRETE PRESSURE GRADIENT

It remains now to study the properties of the bilinear form b, defined in (21), which is related
to the discretization of the pressure gradient in equation (1). We can already state:

Proposition 4
The form by is uniformly continuous with respect to N, i.e.,

YueXy,VgeMy, |by(n, @) <clul; gllgllo.o- (49)

Proof. Thanks to the property (5) applied to by (see (22)), we must only prove that, for
any u in Xy , and ¢ in My,

N
JA dx _21 (Qu/ox)(x,{;)q(x, {;)o;| < c||0ufox o ollqll0.q- (50
i=
We set

@ = 3, RWLO), rePy @),

q(x,y) = ,,Zo 4L, (), 4, €Px-1(A),
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so that, using (4) once more,

L dx Z (Ou/ox)(x,;)q(x, {j)w;| =

ji=1

N-1
N dX< nzo ra(X)q.(X)/(n + 1/2)

N
+rye1(X)gy—1(x) '21 LN+1(Cj)LN—1(Cj)wj> .

Since the {; are the zeros of Ly, we have by (32)

N N
1;1 LN+1(Cj)LN—1(Cj)wj= —(N/(N + 1)) ;1 LN—l(Cj)ij= —N/(N + 1)(N - 1/2).

We obtain

x Nl (0u/3x)(x, )46, ),

j:

N-1 12 (N~-1
S{ ;0 I7all3,a/0n + 1/2)} { ;0 IlanI%.A/(n+1/2)}

+lIrys1lloallgn-1llo ANAN + DN —1/2),

1/2

which yields (50).

The following proposition ensures that the space My contains no spurious mode, i.€., no
function g such that by(u,q) vanishes for any u in Xy. This fact proves the compatibility
between the spaces Xy and My.

Proposition 5

The form by satisfies the following inf—sup condition:
VgeMy, JueXy,u#0/by(w,q) 2 cN~ 2 uf; olqllo.a- (51)

Proof. Let g be any function in M. We set

N—-1N-1

q= z Z Dmn m(x)Ln(y)a with qOO—O

m=0n=0
Then we define u=(u,v) in Xy by

N-1N—-1

VXE/_\, (X C )_ - mZ nZ qan (C )(Lm+1(x) m 1(x))/(2m + 1)’ 1 <]<N’ 5
u(x, £ 1)=0, (52)
and
N—-1N-1%
vyek, v({ny)=— MZ ,,Z Grn L C) (L1 (0) — Ly ())/20+ 1), 1<iSN, 3

U(i LY)-—O,
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so that, due to (31),
N—-1N-1

@ue(. )=~ ¥ T duln(L(G), 1<I<N,

N-1N-1

(av/aJ’)(Cp}’) = - ZO nzl qanm(Cz)Ln(y)s I<ig<N.

Thanks to the property (5) applied to by, recalling that g, is equal to 0, we have

N-1N-1

=S Y a2, j & 3, LP LG e,
A J=

m=1n=0

N—-1N—-1

+ Y 2 dom j dy _iL,,.(z,-)ZLn(y)zw,-

m=0n=1

N-1N—-1

> Y Y gm+1/2)mn+1/2),
m=0n=0
which means
by(w,q) = gl 3 o (54)

Moreover, writing (Ju/0x)(x, y) = (1 — y*)r(x, y), we note that

10w/6x15.0 = f

A

dx f (1 —y*)r(x,y)* dy;
A

Lemma 2 implies

1ou/éx))3 0 < cNf dx i (@u/ox)(x, {2 w;
A

i=1

N—-1N—1 N
<oN'3 % g | O 3 BLIG)0, <N lalda
m=1 n= A j=

Next we use the Poincaré—Friedrichs inequality
lullo.e < cllou/dxlloa< N lqllo.q,
then an inverse inequality (Lemma 2.4 of Reference 15), so that
0u/0yllo.n < cN? lullo.o < cN>2 ligllo.q-
Finally we obtain

lu|1,n <cN°2 lallo.q (55)
and, in exactly the same way,

lvl1,0 <eN2qllo q- (56)
We deduce the lemma from (54)—(56).

5. ANALYSIS OF THE DISCRETE PROBLEM

We begin by stating that the discrete problem (11), (12) is well posed, since it is now a
straightforward consequence of the variational formulation (25) together with Propositions 2-5
and a classical result about saddle-point problems.®
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Theorem 1

For any f in €°(Q)?, problem (11), (12) has a unique solution (ny, py) in Xy x M.

The main result of this section will consist of some error estimates between the solutions (u, p)
and (uy, py) of problems (1)—(3) and (11), (12) respectively. First we estimate the approximation
error between a divergence-free function and its projection onto a subspace of divergence-free

polynomials, following here an idea of Sacchi Landriani and the second author. More general
results have been proved by Sacchi Landriani and Vandeven.!$

Lemma 3

Let o be a real number > 1. For any function u in X " H(Q)? satisfying divu=0 in Q, there
exists a function Uy in

{Py_ 1 (AP 2(A)INHEQ)} x {[Py_ (MA@ Py_;(A]NH(Q)},
satisfying diviy =0 in Q, such that
IusﬁN'l,Q<CN1_al|ulla,ﬂ' (57)

Proof. Since u satisfies divu =0 in Q, we know that there exists a function y in H3(Q) such
that u = curl ¥ in Q; moreover, ¥ belongs to H°*1(Q). Let ¢ denote the projection of Y onto
Py_, (@) H(Q) with respect to the scalar product of H3(Q). Clearly, if we set iiy = curl yy,
iy belongs to

{IPy-1 (M@ Py, (A THHQ)} x {[Py-_,(A)® Py, (A)InHEO)}
and satisfies div iy = 0 in Q. Moreover, we have (Chapter II of Reference 17)

=iyl 0 < el ~ Ynlo o KON T Vg4 10 <N Ul 0.

We need also to compare the discrete scalar product with the continuous one.

Lemma 4
Let p be a real number >1. For any function { in H?(Q))?, the following estimate holds:
u (f9 VN) - (f’ vN)N
wxy  ¥alloe

<eN'TP I, o (58)

Proof. First let us introduce the interpolation operators <y and sy associated with the Gauss
and Gauss—Lobatto points respectively: for any ¢ in #°(A), ¢y ¢ belongs to Py_, (A) and satisfies

Vi, 1<i<N, yo(l)= o), (59
while sy belongs to Py(A) and satisfies
Vi0<i< N, snvo(&)=o(S). (60)

Then, for any f=(f,9) in _(50(52)2, _the polynomial Zyf=((;y®:y)f, ((x®sy)9) is in
{(PrAYRPy_1(A)} x {Py_(A)®Py(A)}. Moreover, we notice that

[f=Gn® i) Moa<If~Ux®id)floa+ I f—(d® NS llo,0+ (id —7x)®(d = x)f o,
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1t is well known (Theorem 3.2 of Reference 15) that, for any ¢ in H?(A), 6 > 1/2,
lo—<n@loa<cN'27%) 0l 0, (61)
le —7n@lloa <N lol, 0 (62)
Hence we obtain
I f— (/N®¢'N)f Ho,g < C(Nuz_p Wf/f HH”(A:LZ(A)) + N127e I f1f HLZ(A;H”(A))
+ NUTOR2| f — (i[d® ¢y) flwrranza)
< C(Nl/z “Nflf ”HP(/\;LZ(A)) + N127e W f/f “LZ(A;H”(A))
4+ N1 =pN2 Nt =p)2 | f ”HP/Z(A;H"/Z(A)));

Using Proposition 4.2.3 of Reference 18 together with an interpolation argument, we know that
H’(Q) is continuously imbedded into

H?(A; L2(A)) nL2(A; HA(A)) nHP2 (A HP2 (A)),
whence
1f = (An®@in) flloa<ecN' 720 fll, 0

Estimating the term ||g — (¢y ® 7x)gllo.@ in a similar way, we finally derive
If— Znflloq<eN' P Ifll, 0. (63)
1t is well known (Theorem 2.3 of Reference 15) that there exists a polynomial fy in

{PN—1(/—\)®PN—2(/—\)} X {PN—Z(/—\)® PN—l(/—\)},
such that

If —fyllo.o <cN7?|f|, - (64)
Clearly, due to (4) and (5), we have for any vy in Xy
(£ vy) — (£ vy)y = — Ly, vy) + (fy — AnE vyl
Using a Cauchy-Schwarz inequality, then (43) and Lemma 2 yields
Evy) —E vy < —Tylloalvnllon+ clify — nfloalvnloa

<c(Iif—fyllo.o+ I — Anflo) ¥allo.0s
this last inequality, together with (63) and (64), gives the result.

We are now in position to compare the continuous and the discrete problems. This is stated
in the following two theorems.

Theorem 2

If the solution (u,p) of problem (1)~(3) belongs to H°(Q)? x H*~*(Q) for a real number o > 1
and the data £ belong to H?(Q)? for a real number p > 1, the following error estimate holds:

lu—uyl o< c{N*"°(ullgq +IPls-1.0) + N*7?Ifl,0}- (65)

Proof. First let vy be any element of X, such that

VaneMy, by(vy,qy)=0.
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From (25), using Proposition 3, we derive
luy — le%,Q <cNay(uy — Yy, Uy — V) = cN{ ~ ay(vy, iy — vy) + (Fuy — VN
Thanks to (19), we have
luy — vyl o <eN{a(,uy —vy) — ay(vy, uy — vy) + b(uy — vy, p)

-(f’ Uy —VN) + (f’ Uy — vN)N}a
so that, for any gy in My,

juy — VNE,Q <ceN{a(u—vy,uy—vy) +(a —ay)(Vy, uy — Vy) + bluy — vy, p — qy)

+ (b —by)uy — vy, qn) — (Euy — vy) + (Luy —vy)y}-
Next, the properties (4) and (5) of the quadrature formulae yield that
YwyeXy, YanePy_,(Q), bWy, qy)= by(Wy, qy)- (66)
Moreover, we note that the function iy defined in Lemma 3, since it belongs to

{(Pr-1(AY®Py_2(A)} x {Py_,(A®Py_,(A)},
satisfies

YqneMy, by(iiy,qy) = b(iiy, qy) = — f divilygydx =0,
and also ?
a(iy, uy — liy) = ay(lly, uy — dy).
Then, choosing v, = iiy, we obtain, for any g, in Py_,(Q),
luy — liy|3. o < cN{a(m—iy,uy —illy) + bluy — iy, p — qy) — (f,uy — dy) + (£ uy — diy)y }
From the continuity of a and b, we derive

(f, VN) - (f, vN)N}

(uN_ﬁNh’Q<CN{(u——ﬁN(1,Q+ lp—danllon+ sup

vveXy ”vN HO,Q
so that
~ fvy)—(,
|u—uN\1,Q<cN{|u-uNh,g+ Ip—dxlo+ sup U)—U—’} (67)
wXy  [¥nllo
It is well known (Theorem 2.3 of Reference 15) that
inf _[Ip—qnlloa<cN'"?Iplls-1.0- (68)

aneP N - ,(Q)

Using this estimate and Lemma 4, together with (67), gives (65).

Remark 6

We recall (Theorem 3.3.3.1 of Reference 19 and Theorem I1.2 of Reference 20) that, for any
p < po =~ 17396, the solution (u, p) belongs to H?*2(Q)? x H?* 1(Q) whenever fis in H?(Q)%. Hence,
for f smooth enough, the discrete velocity uy always converges towards the exact one.

Theorem 3
If the solution (u, p) of problem (1)—(3) belongs to H*(Q)> x H°~*(Q) for a real number 6 > 1 and
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the data f belong to H?(Q)? for a real number p > 1, the following error estimate holds:
Ip—Pullo.n<eN>2{N*"*(lullsq + lIplls-1.0) + N2 77 lfl, 0} (69)

Proof. Let gy be any element in M. Using Proposition 5, we have

by(vyn, Py —
oy —dnlloo < ¢N*? sup “N(—NM
vneXy IValia

Due to (25) and (19), we compute for any vy in X,
by(Vy, Py — qn) = — ay(Uy, Vx) — bn(Vn, qn) + (£ Vx )y
= a(u—uy,Vy) +(a — ay)(uy, vy)
+b(vn,p—ay) + (b — by)(Vy, qy) — (£ v) + (E, va)y-

Next we note that
(a—ay)(uy, vy) = (a—ay)(ay — iy, vy) + (@ — ay)(iiy, vy) = (a — ay)(@y — iy, vy );

from the continuity of a, ay and b, together with (4), we obtain, for any gy in Py_,(Q),

~ (fav )—(f’v )
||P_PN||0,Q<CN5/2 {|“‘“N|1,Q+ lu—idiyl; 0+ 1P —gnlloq+ sup N IV
vweXy ¥alloe

(70)

Using (65), (68) and Lemmas 3 and 4 in (70) gives the proposition.

Remark 7

A collocation pseudospectral problem similar to (11), (12) can be formulated to discretize the
full Navier-Stokes equations. By using the same arguments as for periodic non-periodic
boundary conditions® together with the previous results, we can also study this non-linear
problem and, if (u, p) is a non-singular and sufficiently smooth solution of the Navier—Stokes
equations, we derive exactly the same error estimates (65) and (69) as in the linear case.
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